The susceptibilities of both the one-dimensional random Ising chain and the random Ising Bethe lattice composed of plural kinds of magnetic atoms of S=l/2 and non-magnetic atoms are studied based on a new method, i.e., by using simultaneous linear equation of order n, where n is the number of kinds of magnetic atoms. The susceptibilities of the binary and ternary systems, which correspond to n=l and 2, respectively, are exactly obtained for both the one-dimensional chain and the Bethe lattice. The critical temperature of the random Bethe lattice is also obtained. It is shown that the critical temperature of the binary Bethe lattice is in agreement with that of the ordinary two-or three-dimensional lattice in the cluster variation method and that the critical temperature of the ternary Bethe lattice is independent of the signs of exchange integrals. It is also conjectured that the critical temperature of the ordinary ternary system does not depend on the signs of exchange integrals when two kinds of magnetic atoms are of the same type and the lattice structure is loose-packed. The problem of the random exchange integrals is also discussed. § 1. Introduction
The magnetic properties of the random binary magnetic systems which are composed of one kind of magnetic atoms and non-magnetic atoms have been investigated by many authors. 1 l- 6 l In previous papers, a power series method for the one-dimensional random binary system under finite magnetic field was developed6l and was applied to the rando~ Ising system of general spin 6 a) S and to the random XY system 7 l of S = 1/2. The magnetic properties of both systems were discussed. It was shown that the characteristic properties of the random antiferromagnetic system are reflected in the following results: the susceptibility diverges when the temperature tends to zero and the magnetization curve has some conspicuous steps at low temperatures.
In this paper, the susceptibilities of both the one-dimensional random Ising chain and the random Ising Bethe lattice composed of plural kinds of magnetic atoms of S = 1/2 and non-magnetic atoms are considered using a new method.
The susceptibility of the random exchange sytem is also considered,·· It is the main purpose of this paper to investigate the effects from the interactions between different kinds of magnetic atoms. For this reason, the random ternary system composed of two kinds of magnetic atoms and non-magnetic atoms is investigated in detail. The susceptibility of the random ternary system is exactly obtained for both the one-dimensional chain and the Bethe lattice. It is shown that the denominator of the expression for the susceptibility does not depend on the sign of the exchange integrals between different kinds of magnetic atoms but on magnitudes of them. This may correspond to the fact that the critical temperature of the regular ferromagnetic Ising system is equal to that of the antiferromagnetic system when the lattice structure is loose-packed. The phase transition of the random Bethe lattice is also discussed. It is shown that the critical temperature of the binary Bethe lattice is in agreement with the previous result for the ordinary two-or three-dimensional lattice obtained by approximate theories,s),B) and that of the ternary Bethe lattice is independent of the signs of exchange integrals. It is conjectured that, in the loose-packed twoor three-dimensional lattice, the critical temperature is also independent of the signs of exchange integrals when two kinds of magnetic atoms are of the same type.
In this paper, we only consider the case HrvO, where H 1s an external magnetic field. The energy of this system can be easily obtained. The exchange energy between a and {3 magnetic atoms neighboring each other is given by
where Ja,fl is exchange integral between them and Ka,p=Ja,fl/2kT, which is independent of the atoms linked with both sites. The probability of finding the pair is given by PaPfl, where Pa ~s the concentration of a magnetic atoms and
The equality holds when non-magnetic atoms are absent. Hence, the energy per lattice site is given by
On the other hand, the expected value of a spin on a lattice site depends on the configuration of magnetic atoms in the whole chain. Therefore, it is necessary to take into account the atomic configurations for averaging the spin variables and to take the average concerning atomic configurations. It will be shown that the average value of spins of each kind of magnetic atoms is given as a sum of the expected value of a free spin and an interaction term which is obtained from simultaneous linear equation.
The problem of the random exchange integrals has also been investigated. The two-dimensional Ising system was discussed by McCoy and Wu, 9 l the onedimensional Ising system by Fan and McCoy, 10 l and the one-dimensional XY system by Smith/ 1 ) assuming that the distribution of exchange integrals is continuous and its width is narrow. It this paper, the susceptibilities of both the one-dimensional chain and the Bethe lattice are exactly given for arbitrary distribution of exchange integrals. The phase transition of the Bethe lattice and that of the two-or three-dimensional lattice are also discussed.
In § 2, a formulation for obtaining the susceptibility of the one-dimensional random system is given. The susceptibilities of the one-dimensional random binary and ternary systems are exactly given in § 3. The formulation is extended to the random Bethe lattice in § 4, where the susceptibitity of the ternary system and the phase transition of the system are investigated in detail. The problem of the random exchange integrals is discussed in § 5. Section 6 is devoted to conclusions. § 2. Formulation
In this section we give a new formulation for obtaining the susceptibility of the one-dimensional random Ising system composed of n kinds of magnetic atoms of S = 1/2 and non-magnetic atoms. 
where Ca=maH/kT, ma is a magnetic moment of a atom, and fM(rJ-1) and fN(rJ 1) are functions of the variables (J_1 and rJ1, respectively. The following relations hold: If we put M = 0, we obtain a recurrence relation for the expected values of end spins as follows:
Next, we introduce two probability functions g (a) and g (N; ah · · ·, aN) having the properties
The g (a) gives a probability of finding an a atom on a lattice site, and the g (N; ah ···,aN) a probability of finding a chain of N magnetic atoms having an atomic configuration (a1, ···,aN).
Using the probability functions, we obtain the magnetization per lattice site, <mrJ), as follows: 00 00
The magnetization is, then, given as a sum of magnetizations of each kind of magnetic atoms which .are expressed as a sum of magnetization of a free spin and an interaction term.
We can obtain linear equations for the interaction terms P"a. Inserting (2 · 6) into (2 · 9), we have
From the properties of g(N;a1, ... ,aN), Eq. (2·10) 1s
Hence, the interaction terms are uniquely determined from the simultaneous linear equation of order n:
a=1,2,···,n.
The magnetization is exactly obtained from Eqs. (2 · 8) and (2 ·12). The susceptibility is given by
This method will be applied to the one-dimensional random systems m the next section. § 3.
Sasceptibilities of the one-dimensional random chains
Let us first consider the susceptibility of the random binary system composed of one kind of magnetic atoms and non-magnetic atoms (n = 1). Equation
(2 ·12) becomes
Then we have
Inserting (3 · 2) into (2 · 8), we obtain the magnetization as
and the susceptibility as
These results are in agreement with those of Katsura and Tsujiyama. 12 l The antiferromagnetic susceptibility diverges when the temperature tends to zero except p1 = 1. This is due to the behavior of the magnetic chains in the random system. A chain of even magnetic atoms behaves as a chain of non-magnetic atoms and a chain of odd magnetic atoms as one magnetic atom when the temperature is sufficiently low. Next, consider the random ternary system composed of two kinds of magnetic atoms and non-magnetic atoms (n = 2). Equation (2 ·12) gives The magnetizatio~ is
(1-P1 tanh K1,1) (1-P2 tanhK2,2) -P1P2 tanh 2 K1,2 (3·7) The equivalent expression for the susceptibility is also obtained by using an alternative method. 13 l When P2 = 0, Eq. (3 · 7) becomes (3 · 3). When two kinds of magnetic atoms are identical, we obtain (3 · 3) with replacing P1 + P2 by p 1.
When J 1,2 = 0, the magnetization is given as a sum of magnetizations of independent two systems:
It is interesting to observe that the denominator of Eq. (3 · 7) is independent of the sign of J 1,2. The susceptibility also diverges when the temperature tends to zero except P1 + P2 = 1, m1 = m 2 and J1,1, J 2, 2, J1. 2<0. These will be discussed in detail in the next section.
Finally, we consider the random system composed of infinitely many kinds of magnetic atoms. Equations (2 · 8), (2 ·12) and (1· 2) become
where a and {3 are continous variables corresponding to the kinds of magnetic atoms. We may study the susceptibility of a system having continuously variable exchange integrals, magnetic moment and density of kinds of magnetic atoms. Equations (3 · 9) and (3 ·10) give Eqs. (2 · 8) and (2 ·12) when
The detailed studies of this case will be made m a future paper. § 4. Random Bethe lattice
In this section, we consider a lattice called the Bethe lattice m which each lattice site has nearest neighbors of the same number and there are no paths to return to any site once started from it. As an illustration a Bethe lattice having three nearest neighbors is shown in Fig. 1 . The magnetic properties of the regular Bethe lattice are the same as those of the ordinary two-or three-dimensional lattice in the Bethe approximation. This lattice has a critical temperature on which the susceptibility of the ferromagnetic system diverges. The studies of this lattice, therefore, give information on the re- 
J=l These correspond to Eqs. (2·5) and (2·6) in § 2, respectively. Next, we also introduce a probability function g (Bi; {a}) which gives a probability of finding atomic configuration {a} on the branch Bi. The probability function has the following properties:
J=l
The magnetization per lattice site of the Bethe lattice is given by
a=l *> Here non-magnetic atoms are described by a=O, i.e., Co=Ko,a=O. The magnetization of the random binary system (n = 1) 1s
.__o_::_ _ _ ___::.c::
The ferromagnetic susceptibility diverges when
This is in agreement with the result for the ordinary lattice obtained by Sato, Arrott and Kikuchi 3 > using the cluster-variation method, and by Oguchi and Obokata 8 > using the effective Hamiltonian method. The critical concentration p1c at which transition temperature becomes zero (K1,c-'>oo) is then
This result is also in agreement with that of percolation problem obtained by Fisher and Essam. 14 > In a similar way, we can discuss the phase transition of the antiferromagnetic random Bethe lattice using staggered susceptibility which is often used to study the phase transition of the regular antiferromagnetic system. The staggered susceptibility diverges when (4·11) and the critical concentration is also given by Eq. (4 ·10). This corresponds to the fact that the critical temperature of the regular Ising system does not depend on the sign of exchange integrals, when the lattice structure is loosepacked.
The magnetization of the random ternary system is <mfJ)= It is interesting to observe that the critical temperature does not depend on the sign of J 1,2. This means that the connectivity of bonds is essential for the phase transition irrespective of the magnetic c)laracters of bonds. To make this clear, we first consider the case J 1,h J 2, 2>0. It is evident that the ferromagnetic phase is found in the whole system when J 1,2>0, and the critical temperature is given by Eq. ( 4 ·13). On the other hand, the phase, where the directions of the spins of magnetic atoms (1) are aligned almost up and those of magnetic atoms (2) almost down, may be found when J 1,2<0. In the latter case, if m1 = m2, J 1,1 =J2,2 and P1 = P2, the factor {1-(z -1) P1 (tanh K 1,1-tanh K1,2)} of the denominator of Eq. ( 4 ·12) is canceled by the numerator and the critical point disappears.
This may correspond to the fact that the susceptibility of the regular antiferromagnetic system does not diverge, although the system has a critical point. In this case, we can use a kind of staggered susceptibility defined by X= P1 CX1-X a), where X1 and X2 are susceptibilities of magnetic atoms (1) and (2), respectively.
The staggered susceptibility diverges when Eq. ( 4 ·13) holds. Thus, the critical temperature of the random ternary Bethe lattice is generally independent of the sign of J 1,2 and is given by Eq. ( 4 ·13) when J 1,h J 2, 2>0.
We can also discuss the phase transition of the random ternary system in other cases. When J 1,1, J 2,2<0, the staggered susceptibility is used instead of the ordinary one, since the ordered phase of the system is antiferromagnetic. On the other hand, when J 1,1J 2,2<0, the ordered phase is neither ferromagnetic nor antiferromagnetic. Therefore we must consider another kind of susceptibility corresponding to the random field which has the same magnitude and random directions fixed to be parallel to directions of the spins at T = 0 and H = 0. The critical temperature of the random ternary system i~ generally given by
Hence, we obtain an interesting result that the ·critical temperature of the random ternary Bethe lattice does not depend on the signs of the exchange integrals but on magnitudes of them. The critical concentrations of the ternary Bethe lattice is always given by c c
It is worthwhile to discuss the relevance between the ordinary two-or three-dimensional lattice and the Bethe lattice. It is well known that the regular Bethe lattice is a good replica of the ordinary lattice when the system is ferromagnetic. On the other hand, in the case of the antiferromagnetic system, this is true only when the lattice structure is loose-packed, because the Bethe lattice has no closed loops. · Now we consider the random system. It was already shown that the critical temperature of the ferromagnetic binary Bethe lattice is in agreement with that of the ordinary ferromagnetic system in approximate theories. The critical temperature of the antiferromagnetic binary system may also be approximately given by that of the Bethe lattice when the lattice structure is loosepacked, for all magnetic bonds of both systems have negative energies when the systems are in the ground state and H = 0.
Next, consider the ternary system. It will be obvious that the ternary system in which the exchange integrals have the same sign is akin to a kind of binary system and the magnetic properties of the ordinary ternary system are approximately described by those of the ternary Bethe lattice. On the other hand, in the ternary system where the signs of all exchange integrals are not the same, the magnetic properties of both systems may be similar to each other only when the J1,1J2,2IJ1.2I >0 and the lattice structure is loose-packed, for the ground state energies per bond of both systems are not the same in other cases. Hence we obtain an interesting conjecture that the critical temperature of the ordinary random ternary Ising lattice is independent of the signs of exchange integrals and is approximately given by that of the Bethe lattice when J 1,1J 2,2IJ1,2i>O.
Essential differences may, however, be found between them when J1,1J2,2IJ1,2I <O.
In the latter case, we may discuss the phase transition using the ordinary and the staggered susceptibilities. This will be discussed in a future paper . 18 The equality holds when non-magnetic bonds are absent. Hence, the magnetization of the random exchange Bethe lattice is exactly given by
where
The susceptibility of the simple random exchange Bethe lattice, which IS composed of only one kind of magnetic bonds and non-magnetic bonds, is given by
and the critical temperature of the ferromagnetic system by (5 ·10) The critical temperature of the antiferromagnetic system can also be obtained using the staggered susceptibility: (5·11) These results are very similar to those of the random binary system. That· is, the susceptibility of the simple random exchange system is p-1 times as. large as that of the random binary system and the critical temperature of both systems are equally given. This may be due to the peculiarities of the Bethe lattice where closed interaction loops are absent.
The critical temperature of the random mixture composed of plural kinds of magnetic bonds can be generally given by Then, the critical temperature and the critical concentrations of the mixture do not depend on the signs of exchange bonds as in the random Bethe lattice. These may also be due to the character of the Bethe littice. Equations (5 ·12) and (5 ·13) may approximately hold for the ordinary twoor three-dimensional lattice when all exchange bonds have the same sign. In these lattices, all magnetic bonds can take negative energies when the lattice structures are loose-packed. On the other hand, the magnetic properties of both systems may not be similar to each other when the signs of all magnetic bonds are not the same. § 6. Conclusions
The susceptibility of the one-dimensional random Ising chain composed of plural kinds of magnetic atoms of S = 1/2 and non-magnetic atoms has been investigated by using a new method, i.e., simultaneous linear equation of order n, where n is the number of kinds of magnetic atoms. The susceptibilities of both the binary and the ternary systems, which correspond to n = 1 and 2, respectively, have been exactly obtained. It has been shown that the denominator of the expression for the susceptibility of the ternary system does not depend on the sign of exchange integrals J 1•2, and the susceptibility diverges when the temperature tends to zero except P1 + P2 = 1, m1 = m2, and J1,1, J 2, 2, J 1,2<0.
The susceptibility and the critical temperature of the random Bethe lattice have also been obtained. It has been shown that the critical temperature of the binary Bethe lattice is in agreement with that of the ordinary two-or threedimensional lattice in the cluster variation approximation and the critical temperature of the ternary Bethe lattice is independent of the signs of exchange integrals Ja,p· These have been discussed from the lattice structure of the Bethe lattice where all magnetic bonds can take negative energies. Similar results have also been found in the random exchange Bethe lattice.
The phase transition of the ordinary two-or three-dimensional lattice has been discussed in connection with that of the Bethe lattice. It has been conjectured that the transition temperature of the ternary Ising system is independent of the signs of exchange integrals when two kinds of magnetic atoms are of the same type (J1,1J2, 2JJ1, 2J >O) and the lattice structure is loose-packed. In those systems, the critical temperature is approximately given by that of the corresponding Bethe lattice.
In this paper, the case H~O was considered, and the susceptibility was exactly given using the simultaneous linear equation. In a forthcoming paper, the one-dimensional random Ising chain with finite magnetic field will be considered, and the magnetic properties, especially the magnetization of the random mixture of plural kinds of magnetic atoms, will be given using the simultaneous functional equation.
